Abstract. We derive the torsion constraints for superspace versions of supergravity theories by means of the theory of G-structures. We also discuss superconformal geometry and superKiihler geometry.
I. Introduction
Supersymmetry is a now well established topic in quantum field theory [WB, GGRS] . The basic idea is that one can construct actions in ordinary spacetime which involve both even commuting fields and odd anticommuting fields, with a symmetry which mixes the two types of fields. These actions can then be interpreted as arising from actions in a superspace with both even and odd coordinates, upon doing a partial integration over the odd coordinates. A mathematical framework to handle the differential topology of supermanifolds, manifolds with even and odd coordinates, was developed by Berezin, Kostant and others. A very readable account of this theory is given in the book of Manin [Ma] .
The right notion of differential geometry for supermanifolds is less clear. Such a geometry is necessary in order to write supergravity theories in superspace. One could construct a supergeometry by Z 2 grading what one usually does in (pseudo) Riemannian geometry, to have supermetrics, super Levi-Civit~ connections, etc. The local frame group which would take the place of the orthogonal group in standard geometry would be the orthosymplectic group. However, it turns out that this would be physically undesirable. Such a program would give more fields than one needs for a minimal supergravity theory, i.e. the fields would give a reducible representation of the superLorentz group. In order to get around this problem, the approach of Wess and Zumino [WZ] is to use the standard orthogonal group as the structure group, but to choose selected components of the torsion tensor which can be nonzero. One then uses the Bianchi identities to find the consequences of the choice. If the choice is too stringent, one only finds flat geometries. If the choice is too lax, one gets too many fields in the supergravity theory. It is a well-developed technique to find the right torsion choices, but the geometric meaning is obscure and the method remains somewhat of an art.
To give an analogy, suppose that one has an almost complex manifold with a Hermitian structure. Let {ei} be a local unitary basis of the complexified tangent bundle. If one is told that a desirable set of torsion constraints is given by
Tijf= Tfi j-Tfj~ ,
the geometric meaning of the constraints may not be clear. In fact, they are saying that the manifold is a K/ihler manifold, which means that to first order around a point, the geometry of the manifold is the unitary geometry of IE". We wish to give a similar interpretation of the torsion constraints of supergravity theory. Our approach will be to use Cartan's theory of G-structures [St, Gu, Kob] . The idea of this theory is as follows. Given a subgroup G of the invertible endomorphisms of the tangent space and a reduction of the structure group of a manifold to G, one can ask whether the manifold is locally equivalent to a flat G-structure. Let us put a G-connection on the reduced frame bundle. Roughly speaking, the first-order flatness is measured by a combination of the components of the torsion tensor of the connection, which is constructed in such a way that the result is independent of the G-connection chosen. (For example, for (pseudo) Riemannian geometry this combination always vanishes, which gives Einstein's equivalence principle.) If one has first-order flatness, one can ask if there are higher order obstructions to flatness. These are given by the Spencer homology groups [Sp, Gu] , which are an algebraic generalization of the Riemann curvature tensor and its covariant derivatives. By different choices of the group G, one obtains different geometries.
Our approach to supergeometry is to find the groups G which give the torsion constraints of supergravity. We consider the geometries which come from these groups to be preferred, in that they do come from physics. We find that the appropriate groups have the following structure. If we locally decompose the tangent space into even and odd subspaces, then the group elements take the matrix f~ A) ~2(A )0 ) " Here A is an element ~ the spin gr~ 01(A) isits representation as an orthogonal matrix, 02 is a spinor representation and * lies in a Spin-invariant subspace 6 p of endomorphisms from the even subspace to the odd subspace. (Different choices of 6 e can give different geometries.) We will show explicitly that the torsion constraints for supergravity theories (at least those existing offshell) arise from the requirement of first-order flatness of such G structures. Such structures have previously occurred in the work of Rosly and Schwarz in four dimensions [RS] and Giddings and Nelson in two dimensions [GN] . We also look at the geometric structures underlying superconformal geometry and superKfihler geometry.
